Abstract. It is shown that any system of numbers that can be realised as the system of Chern numbers of an almost complex manifold of dimension 2n, n ≥ 2, can also be realised in this way by a connected almost complex manifold. This answers an old question posed by Hirzebruch.
Let π(n) denote the number of partitions of the natural number n. A theorem of Milnor (cf. [5] ) states that a system of π(n) numbers can be realised as the system of Chern numbers of an almost complex manifold of (real) dimension 2n if and only if it can be realised in this way by some algebraic manifold of (complex) dimension n belonging to some class A. (Manifolds are understood to be oriented, differentiable, and compact without boundary.) The class A is generated (under cartesian product and disjoint union) by the complex projective spaces, the hypersurfaces H (r,t) of double degree (1, 1) in CP r × CP s with r, s > 1, and certain algebraic manifolds which realise the negative of the Chern numbers of the manifolds already listed.
Thus, at least in principle, it is known which systems of π(n) numbers can be realised as the Chern numbers of a 2n-dimensional almost complex manifold. In low dimensions, a complete set of restrictions is given as follows (cf. [5] ): In [5] Hirzebruch raised the question whether a system of π(n) numbers satisfying the necessary restrictions can be realised as the system of Chern numbers of a connected almost complex manifold of dimension 2n, and speculated that the connectedness assumption might impose additional inequalities between the Chern numbers.
If the question is asked for complex or algebraic manifolds, there are indeed additional restrictions on the Chern numbers in the form of inequalities, as was first shown by Van de Ven [13] for complex dimension 2 (cf. [2] ). In that paper Van de Ven also proved that no additional restrictions occur for connected almost complex manifolds of real dimension 4.
In [11] it was shown -the published argument actually being due to Hirzebruch -that in dimension 2n = 6, too, connectedness does not impose any additional restrictions on the Chern numbers of almost complex manifolds besides those listed above. However, the argument presented there seemed to suggest that this might be special to dimension 6, since it relied on the fact that the connected sum of two almost complex manifolds of dimension 6 carries again an almost complex structure, which fails, in general, in dimensions other than 2 or 6; cf. [1, 8] .
In the present note we give a short argument that, nevertheless, this statement about Chern numbers remains true in all dimensions.
Proposition 1.
A system of π(n) numbers that can be realised as the system of Chern numbers of an almost complex manifold of dimension 2n, n ≥ 2, can also be realised in this way by a connected almost complex manifold. This is obviously false for n = 1. Here the existence of an (almost) complex structure is equivalent with orientability, and the first Chern number equals the Euler characteristic. Hence any even number can be realised by a disconnected surface, but only even numbers ≤ 2 can be realised by a connected surface.
Proposition 1 is an immediate consequence of the following lemma.
Then the connected sum
admits an almost complex structure which coincides with the given almost complex structures along the (2n − 1)-skeleta of the M j and has trivial Chern class on the (2n − 1)-skeleta of the S 2 × S 2n−2 summands. In particular, with respect to the natural splitting
for 0 < * < 2n we have
and for the Chern numbers c n we have
So all the Chern numbers c I , I ∈ π(n), satisfy
with denoting disjoint union.
Proof. We use the results and conventions of [8] ; cf. [10] . Let M be a 2n-dimensional manifold, and let J be an almost complex structure on M −D 2n for some embedded disc D 2n . Write
for the obstruction to extending J as an almost complex structure over M . Then we have the following statements from [8] :
is independent of J and will be written as o(S 2n ).
(ii) Almost complex structures J on M − D 2n and J on M − D 2n give rise to a natural almost complex structure J + J on M #M − D 2n (which coincides with J resp. J along the (2n
(iii) Let J be an almost complex structure on M − D 2n that extends over M as a stable almost complex structure J. Then
where χ(M ) denotes the Euler characteristic of M . Write J j for the given almost complex structures on
is stably parallelisable, so we can find a stable almost complex structure J 0 on S 2 × S 2n−2 with total Chern class c( J 0 ) = 1. Since the coefficient groups π r (SO 2n /U n ) for the obstructions to an almost complex structure are stable for r < 2n − 1 (see [9] ) this stable almost complex structure induces an almost complex structure
Hence, from (ii),
This proves the existence of an almost complex structure J on W for which c i (W ), 1 ≤ i < n, is as claimed in the lemma. The Chern number c n coincides with the Euler number, and for the connected sum of even-dimensional manifolds we have
So we get
This proves the lemma.
Remarks.
(1) In [12] Ray had proved the analogue of Proposition 1 on the level of stable almost complex structures. A further related result has recently been obtained by Bryan Johnston [7] . He shows that in complex dimension n ≥ 2 all possible values of the Milnor numbers s n (cf. [6, p. 112]) can be realised by connected algebraic manifolds. In particular, this yields a system of generators for the complex cobordism ring consisting of such connected algebraic manifolds.
(2) The question addressed in this note can also be asked for symplectic manifolds. Concerning (real) dimension 4, a considerable amount of information, but not quite a complete answer, can be found in [3] . In dimension 6, any triple of Chern numbers that can be realised by an almost complex manifold can also be realised by a connected symplectic manifold; see [4] .
